In this note, we will define topological and virtual cut points of finite metric spaces and show that, though their definitions seem to look rather distinct, they actually coincide. More specifically, let X denote a finite set, and let D :
Introduction
Given a connected simple graph G = (V, E) with vertex set V and edge set E ⊆ V 2 , it is a rather obvious fact that a vertex v ∈ V is a cut point of G if and only if there exists a bipartition of the set V − {v} into two non-empty subsets A and B such that, with uw G denoting, for any two vertices u, w ∈ V , the number of edges in the shortest path from a to b in G, one has ab G = va G + vb G for all a ∈ A and b ∈ B. This fact suggests defining cut points for metric spaces as follows: Given a set X and a metric D : X × X → R : (x, y) → x y defined on X , a cut point of D is a map f ∈ R X for which f (x) + f (y) ≥ x y holds for all x, y ∈ X and there exists a bipartition of the support supp( f ) of f into two non-empty subsets A and B such that ab = f (a) + f (b) holds for all points a ∈ A and b ∈ B.
Alternatively, noting that a vertex v ∈ V is a cut point of G if and only if the induced graph
) is disconnected, one may also invoke the theory of tight spans of metric spaces (cf. [1] [2] [3] ) to define a map f ∈ R X to be a cut point of D if it is contained in the tight span
of D, and its complement T f (D) := T (D) − { f } (endowed, as a subspace of R X , with the topology induced by the l ∞ metric) is disconnected.
In this note, we will show that these two notions are, in fact, fully equivalent: Defining a map f as above to be a virtual cut point of D if it satisfies the first, and a topological cut point of D if it satisfies the second condition, we will show that f is a virtual cut point of D if and only if it is a topological cut point.
Note that virtual cut points have also been studied in the context of optimal realizations of finite metrics, cf. [4] [5] [6] [7] [8] , and constitute a key concept in understanding the so-called block decomposition of a finite metric [2] . We will explore consequences of our result to these topics elsewhere. Concerning the rest of this note, in Section 2, we will state the main result that will, after establishing some useful auxiliary results in Section 3, be proved in Section 4.
The main result
Given a finite set X , a metric D : X × X → R : (x, y) → x y defined on X as above, and a map f ∈ T (D), let Γ f = (supp( f ), E f ) denote the graph with vertex set supp( f ) and edge set
. Then, the following holds:
Given a metric D defined on a finite set X and a map f in T (D), there is a canonical one-to-one correspondence between (i) the connected components of the graph Γ f , and (ii) the connected components of the space T f (D).
More specifically, associating with each connected component
from the set π 0 (Γ f ) of connected components of the graph Γ f onto the set π 0 (T f (D)) of connected components of the space T f (D) for which also
In particular, f is a virtual cut point of D, i.e., #π 0 (Γ f ) > 0 holds, if and only if it is a topological cut point of D, i.e., 
Auxiliary results
Continuing with our definitions and notation, we begin by collecting a few simple facts regarding the subsets of T f (D) of the form O f (A) for A an arbitrary subset of X : Proof. It follows immediately from the definitions that O f (supp( f )) = T f (D) holds while O f (∅) = ∅ holds in view of the fact that g ∈ T (D) and f (x) ≤ g(x) for all x ∈ supp( f ) implies that f (x) ≤ g(x) must hold for all x ∈ X because, by definition, f (x) = 0 holds for all x ∈ X − supp( f ). However, f (x) ≤ g(x) can hold for all x ∈ X for two maps f, g ∈ T (D) if and only if f coincides with g.
Finally, note that
holds for every collection A of subsets of supp( f ). 
Proof. We have seen already that
in the case where we have A ∪ B = supp( f ) and f (a) + f (b) = ab for all a ∈ A and b ∈ B as g ∈ T (D)−(O f (A)∪O f (B)) implies that there exists some a 0 ∈ A with g(a 0 ) ≤ f (a 0 ) and, therefore,
for all b ∈ B, as well as some b 0 ∈ B with g(b 0 ) ≤ f (b 0 ) and, therefore,
for all a ∈ A. Thus g(x) ≥ f (x) must hold for all x ∈ X , whether X = supp( f ) or X = supp( f ) holds, implying that g = f must hold. So, every g ∈ T f (D) must be contained either in O f (A) or in O f (B).
Proof of Theorem 1

Now assume that
holds for the union A∈A A of subsets in any given collection A ⊆ π 0 (Γ f ) of connected components of Γ f and, therefore, also
In particular, we have Consequently, to fully establish Theorem 1, it suffices to note that O f (A) is a connected subset of T f (D) for every connected component A ∈ π 0 (Γ f ). To this end, recall first the following facts:
is a geodesic space relative to its ∞ -metric introduced above, i.e., there exists, for all
, the connected components of T f (D) containing the two maps f 1 , f 2 denoted by C f ( f 1 ) and C f ( f 2 ), respectively, must coincide whenever
The Kuratowski map k x : X → R : y → x y associated with any x ∈ X is contained in T (D) for every x ∈ X and one has g, k x ∞ = g(x) for all g ∈ T (D) and all x ∈ X .
Furthermore, given any connected component A ∈ π 0 (Γ f ) of the graph Γ f and any point a ∈ A, the associated Kuratowski map k a is always contained in O f (A) as f (x) < f (a) + f (x) = ax = k a (x) holds for all x ∈ supp( f )− A, and given any map g ∈ O f (A), one has g(x)+g(y) > f (x)+ f (y) ≥ x y for all x, y ∈ supp( f )− A implying that there must exist some a = a x,g ∈ A for every x ∈ supp( f ) − A with g(x) + g(a) = xa = f (x) + f (a) and, therefore, also
implying that C f (g) = C f (k a ) must hold. Similarly, we have C f (k a ) = C f (k b ) for all a, b ∈ supp( f ) with {a, b} ∈ E f as this implies ab < f (a) + f (b) = k a , f ∞ + f, k b ∞ . Thus, C f (k a ) = C f (k b ) must hold for all a, b ∈ supp( f ) that are contained in the same connected component A of Γ f . Together, this implies that C f (g) = C f (g ) must hold for any two maps g, g in O f (A) as, choosing any fixed point x ∈ supp( f ) − A, there must exist paths in T f (D) connecting g with k a x,g and g with k a x,g while, in view of a x,g , a x,g ∈ A, the two Kuratowski maps k a x,g and k a x,g can also be connected by a sequence of paths not meeting the point f .
